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Abstract. In this paper, wc shall show that a polarized algebraic 
manifold is K-stable if the polarization class admits a Kahler metric 
of constant scalar curvature. This generalizes the results of Chen- 
Tian [1], Donaldson [5j and Stoppa [22]. 

1. Introduction 

Yau's conjecture''' ([21], pp. 49-50) suggests a strong correlation be- 
tween stability of polarized algebraic manifolds and the existence of 
extremal metrics in the polarization class (cf. [23], [2], [9]). Especially, 
for Kahler metrics of constant scalar curvature, the following is still 
open as an interesting conjecture: 

Conjecture (Tian [23], Donaldson [3]). A polarized algebraic manifold 
{M,L) is K-stable if and only if the polarization class Ci(L)r admits a 
Kahler metric of constant scalar curvature. 

For "if" part of this conjecture, Chen-Tian [Jj and Donaldson [5] 
showed that a polarized algebraic manifold (M, L) is K-semistable when 
the class Ci{L)^ admits a Kahler metric of constant scalar curvature. 
"Very recently, by an effective use of moduli spaces, Stoppa proved a 
stronger result showing that a polarized algebraic manifold (M, L) with 
a Kahler metric of constant scalar curvature in ci(L)k is K-stable if the 
group Aut(M, L) of holomorphic automorphisms of (M, L) is discrete. 
The purpose of this paper is to extend Stoppa's result to the following 
general case without assuming such discreteness: 



tits vector bundle counterpart known also as the Hitchin-Kobayashi correspon- 
dence is affirmative by the works of Kobayashi, Liibke, Donaldson, Uhlenbeck and 
Yau. 
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Main Theorem. A polarized algebraic manifold (M, L) is K-stable if 
the class Ci{L)^ admits a Kdhler metric of constant scalar curvature. 

It should be emphasized that one of the main ingredients of this 
paper is the energy-theoretic approach to K-stability as in Tian [23] 
(see also [1] ) , where in our actual proof of Main Theorem, the logarithm 
of the Chow norm is used in place of the K-energy. To see this clearly, 
for a connected Fano manifold X, we consider a special degeneration 

pr : A" ^ Ai+^ (= { ^ e C ; 1^1 < 1 + £ }) 

of X as in [23], so that the fiber Xi := pr^^(l) is just X. Then we take 
a holomorphic embedding 

A" c A X P^-i(C), 

with pr = TTi such that vTgOpiv-i coincides with the relative canon- 
ical sheaf /Ca-za on the regular part A'reg of A", where tti (resp. 712) de- 
notes the restriction to X of the projection of the product A x P^~^(C) 
to the first (resp. second) factor. Let 

^ : C* -> SL(X,C) 

be an algebraic group homomorphism chosen in such a way that the 
induced action of t G C*, \t\ < 1, on A x P^-i(C) defined by 

A X P^(C) 3 {z,p) ^ (tz,^{t)-p) G A X P^-i(C) 

maps X into X . Then for the Fubini-Study form u;fs on P", let / = f{s) 
be the real-valued function defined by 

(1.1) f{s) := /t(^(exp(s))*u;Fs), 

where k denotes the K-energy map. Recall that lims_,_oo f{s) is just 
the real part of the generalized Futaki invariant of the central fiber 
Xq, and if X admits a Kahler-Einstein metric, then X is weakly K- 
stable in the sense of Tian (denoted enegy-theoretically K-stable in this 
paper), i.e., the limit is always negative for all nontrivial special degen- 
erations. Lemma 4.8 in this paper shows that Donaldson's K-stability 
for a general L can be characterized also energy-theoretically, where in 
the definition of fm in (4.7), the K-energy appearing in the expression 

(1.1) for / is replaced by the logarithm of the Chow norm. 
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This paper is organized as follows: In Section 2, we fix notation by 
defining K-stability (by Donaldson). In Section 3, by yjj, we describe 
the asymptotic behavior of the k-th weighted balanced metric Uk, as 
k —>■ oo. In Section 4, we study the relationship between the Futaki 
invariant of a test configuration and the asymptotic behavior of the 
Chow norm of fibers (cf. Lemma 4.8). Finally in Section 5, based on 
the preceding sections, a proof for Main Theorem will be given by 
developing the Chow norm method in [Oj and ^Q\, where the results 
of Phong and Sturm [12] are used to estimate the second derivative of 
the Chow norm. 

2. K-STABILITY 

In this paper, by a polarized algebraic manifold {M,L), we mean a 
pair of a smooth projective algebraic variety M, defined over C, and 
a very ample line bundle L over M. Let H be the maximal connected 
linear algebraic subgroup of the identity component Aut°(M) of the 
group of all holomorphic automorphisms of M, so that Aut^ {M)/H is 
an Abelian variety (cf. [6]). Replacing L by its suitable positive integral 
multiple if necessary, we can choose an if-linearization of L (cf. jl6j). 
Fix the natural action of the group T := C* on the complex affine line 
:= { z ; z & C} hj multiplication of complex numbers, 

T X ^ A\ {t,z)^tz. 

Let TT : TVI — s> A^ be a T-equivariant projective morphism between 
complex varieties with an invertible sheaf C on M., relatively very 
ample over A^, where the algebraic group T acts on £, linearly on 
fibers, lifting the T-action on M.. For each z G A^, we put 

where M.^. '■= 7r~^(2) denotes the scheme-theoretic fiber of vr over z. 
Then the following notion of a test configuration is defined by Don- 
aldson [3] (see special degenerations by Tian |23]). Actually, the pair 
[Ai, C) with a flat family 
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is called a test configuration for {M,L), if for some positive integer i, 
there exist the following isomorphisms of polarized algebraic manifolds 

(2.1) iM,,Cz) = iM,0,,iL')), 0^zeA\ 

In the special case when = M x A^, a test configuration is called 
a product configuration, where for such a configuration, T does not 
necessarily act on the first factor M trivially. 

Given a test configuration vr : ^ for {M,L), we consider the 
vector bundles over A-*^ by 

OAi(^m) = 7r,£'", m = 1,2,..., 

associated to the direct image sheaves n^C"^. Then Em admits a natural 
T-action pm '■ T x Em — ^ Em induced by the T-action on C. Consider 
the fibers {Em)z, z G A^, of the bundle Em over z. Since the fiber 

{Em\ = (7r,£™)o®C 

over the origin is preserved by the T-action pm, we can talk about the 
weight Wm of the T-action on det (-E'm)o- Put n := dim^M, and we 
consider the degree dm of the image of the Kodaira embedding 

(2.2) $|^.™| :M-^P*(Kn), 

where F*{Vm) is the set of all hyperplanes in Vm := H^{M, O^iiL^"")) 
through the origin. Put A^^ := dim (-Em)o = dimV^. Then for m 1, 



(2.3) 



Nm = a„m" + a„_im" ^ H h aim + oq, 

Wm = hn+im^^^ + 6„m" . . . + him + 6o, 



for some rational numbers Oj, hj G Q independent of the choice of m. 
Note here that a„ = £"'Ci(L)"[M]/n! > 0. If m > 1, then we have 

(2.4) = Fo + Fim~^ + F2m-'' + ..., 

mNm 

with coeficients Fi = Fi{Ai,C) G Q independent of the choice of m. 
In particular Fi = Ti(A^, C) is called the Futaki invariant for the test 
configuration. In contrast to the energy-theoretic one by Tian, the 
following K-stabihty is given by Donaldson [3]: 



Definition 2.5. (i) {M,L) is said to be K-semistable, if the inequality 
Fi{M,C) <0 holds for all test configurations {M,C) for (M,L). 

(ii) Let (M, L) be K-semistable. Then (M, L) is said to be K-stable, if 
for every test configuration {A4, C) for (M, L), it reduces to a product 
configuration if and only if Fi{M.^ C) vanishes. 

In this paper, we fix once for all a test configuration {A4,C) of a 
polarized algebraic manifold (M, L) which admits a Kahler metric 
in ci(L)k of constant scalar curvature. Obviously Fi{M.^C^) coincides 
with Fj(A^,£) for all positive integers i and j, and hence to discuss 
i^-stability of {M,L), replacing C by its suitable positive multiple if 
necessary, we may assume that dimH^{M.z, C^) = dimH^^Mo, C^) 
and that the natural homomorphisms 

®™if°(A^„ ^ H%Mz, CD, m = 1, 2, . . . , 

are surjective for all z G A^. We can see this easily by the fact that, if 
C is replaced by its very high multiple while L is fixed, then i becomes 
large so that the assumptions above are automatically satisfied (cf. 
p^ : see also [I2], Remark 4.6). 

Finally, as remarked in 0, Lemma 2, we have the following theorem 
of equivariant trivialization for Em'- 

Fact 2.6. Let Hi be a Hermitian metric on the vector space {Em)z o>t 
z = 1. Then there is a T -equivariant trivialization 

(2.7) = A^ X (E„0o 

taking Hi to a Hermitian metric, denoted by Hq, on the central fiber 
{Em)o which is preserved by the action of C C* (= T) on (-Em)o- 

3. Asymptotic behavior of weighted balanced metrics 

Now choose a Hermitian metric hoc for L such that = Ci{L, hoo)- 
Let i be as in (2.1). Following [Tl], Section 2, we here study the 
asymptotic behavior of the weighted balanced metrics for polarized 
algebraic manifolds (M, L™^) as m ^ oo. For the linear algebraic 
group H in the previous section, choose the maximal compact subgroup 
K of H such that cUqo is K-invariant (cf. [7j). Then for the identity 
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component Z of the center of take its complexfication Z"^ in H. For 
the if-hnearization of L in the previous section, there exist mutually 
distinct characters Xm;!, Xm;2-, ■ ■ ■ , Xm;um ^ Hom(Z^, C*) such that the 
vector space is written as a direct sum 

I'm 

'^m — ^(Xm,;j)) 
i=l 

where V{x) '■= ^ Vm', 9 ■ = x(fi')o" for all g G Z^} for all x ^ 
Hom(Z^,C*). Let 3 be the real Lie subalgebra of H^{M,0{T^'°M)) 
corresponding to the real Lie subgroup Z of Aut(M). Put 3 := -\/— T3. 
Let h he a Hermitian for L such that u = Ci{L; h) is a i^-invariant 
Kahler form. Define a if-invariant Hermitian pairing ( , for Vm by 

(3.1) (^,^\ := [ {a,a')f,u;\ a,a'eVm, 

J M 

where (a, a')^^ denotes the pointwise Hermitian inner product of a, a' 
by the m-multiple of h. Then by this Hermitian pairing { , )f^, we have 

V{xm;i) -L V'(x„y), i 7^ J. 

Put n^.j := dime V{xm;i)- Let be the set of all pairs {i,a) of 
integers such that I < i < I'm and 1 < a < nm;i- For the Hermitian 
pairing in (3.1), we say that an orthonormal basis { ai^a {h «) ^ Pm } 
for Vm is admissible if CTj^Q, G ^(Xm;i) for all (i, a) G Pm- Fixing an 
admissible orthonormal basis { ai^a ; (^, a) G Pm } oiVm with ( , )^, we 
now define Zmi^jJ, 3^; 2;) to be 

(3.2) (n!/m") S^riS^r; exp{-(x™,)*(3^) + 2x,} 

for each 3^ G 3 and a; = (xi, X2, . . . , a;;^,„) G M*^™, where we put |cr|^ : = 
(a, (t)/i for all a G Kn, and (Xm;i)* : 3 — > M, i = 1, 2, . . . , denote the 
differentials at (? = 1 of the restriction to 3 of the characters Xm;i '■ 
C*. Put ro := n{2ci(L)"[M]}-i{ci(L)"-ici(M)[M]}, and consider 

Bm:={x= (xi,X2,...,x^„J G M'''" ; ||x|| < q^}, 

where q := m"-*^ and := (T,^II^^nm-iX^y^'^ . Then fixing a sufficiently 

large positive integer k, we see from [8], Theorem B, that there exist 
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vector fields yj G 3, real numbers rj E M, j = 1,2, . . . , k, and a K- 
invariant Hermitian metric Um for L such that 



k+2\ 



(3.3) Zmiu^,y,0) = (1 + S^to^.g'^') + 0{q 

(3.4) Tim — ^ hoo in C°°, as m — 00, 

where Vm '■= Ci(L; Um)iR and y := S^^^^ q-'^'^yj- In view of the definition 
of 60 in [To], Step 5, the proof of Lemma 3.4 in [9] allows us to make a 
perturbation of hm via the action of exp(p^) (see [ID] for the definition 
of p^) to obtain a critical point for the Chow norm. Then by (3.3) and 

(3.4) , we obtain from [8], pp. 574-5 76, a i^-invariant Hermitian metric 
hm for L such that, for some bm = (&m;i, bm-2, ■ ■ ■ , bm;u^) e Bm, 

(3.5) ZmicOm,y,bm) = l + Sj^Q^i^'^S k ^ 1, 

(3.6) hm — > /ioo in C°°, as m ^ oo, 

where we set Um '■= ci{L;hm)- For an admissible orthonormal basis 
{ ai^a ; {i, a) e Pra} for Kn with the pairing ( , )^^, by setting 

(3.7) Prn;i ■= exp{ (Xm;i) * (3^) + 26^;^ } -1, 

we see from (3.5) and (3.7) the following: 

(3.8) (n!/m") S^riS:- (1 + /J^,) = 1 + ^^^.q^^'^ 

where, in view of [10], Lemma 2.6, there exists a positive constant Ci 
independent of the choice of m ^ 1 and i such that 

(3.9) \(3m;i\ < Ci q^ for all m > 1 and i. 
Then by (3.8) and (3.9), we obtain 

(3.10) ^ddm-,j::- - = 0{q'). 

4. The Chow norm and the Futaki invariant 

In this section, we fix a Hermitian metric Hi on Vm, where {Em)s at 
s = 1, denoted by (-Ern)i, is identified with Vm- By the trivialization 
(2.7), Hi induces a Hermitian metric Hq on {Em)o- Then 



(4.1) Wm:={Sym''-iiEm)o)} 
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iX)n+l 



admits the Chow norm (cf. Zhang |25j, 1.5; see also §4 in [S]) 

3 w ^ \\w\\cn(Ho) e M>o. 

Choose an element Mm of such that the corresponding point [Mm] 
in F*{Wm) is the Chow point for the reduced effective algebraic cycle 

7i := $|ifm|(M) 

on F*{{Em)o)- Here each {Em)s, s 7^ 0, is identified with (-Em)o via 
the trivialization (2.7), and by letting s = 1, we regard ^^iem^{M) on 
F*(ym) as the algebraic cycle 71 on F*{{Em)o)- Since the T-action on 
Em preserves {Em)o, we have a representation 

(4.2) ipm-.T^ GL((E^)o) 

induced by the T-action on Em- Note that this T-action on {Em)o 
naturally induces a T-action on F*{{Em)o)- By the complete linear 
systems \C^\, s G A^, we have the relative Kodaira embedding 

M ^ F*{Em), 

over A^, where by (2.6) the projective bundle F*{Em) over A^ is viewed 
as product bundle A^ x F*{{Em)o)- Then each fiber F*{Em)s of P*(E„) 
over s G A"*^ is naturally identified with F*{{Em)o), so that all Aiz, 
z G A^, are regarded as subschemes of F*{{Em)o)- Then 

(4.3) = tPmiz)-Mi, zeC*, 

where on the right-hand side, the element ip m(s) in GL((ii'm)o) acts 
naturally on P*((£'m)o) as a projective linear transformation. Note that 
A^i is nothing but 71 as an algebraic cycle, and that A^o is preserved 
by the T-action on P*((E„)o). 

Let us now consider the A^^-fold covering T := {t G C*} of the 
algebraic torus T := { t G C* } by setting 

t = 

for t and t. Then the mapping ipf^ : T — > SL{{Em)o) defined by 

(A A) ib^^d) ■= = ^"^'^^^ ief 

^ ' ^ det(^™(t)) dei{^m{i)y 



is also an algebraic group homomorphism. Consider the quotient group 
:= SL((E^)o)/n^, where 11^ := { C id ; a = 1, 2, . . . , A^^ } for a 
primitive A^m,-th root Q of unity. We then define an algebraic group 
homomorphism : T Gm by sending each t E T to 

ipmit) '■ natural image of il>^{i) in G^- 

Consider tpmit), "tpmii), above. Then these all induce exactly 

the same projective linear transformation on ¥*{{Em)o)- Let 7^ be the 
algebraic cycle on F*{{Em)o) obtained as the image of 71 by this pro- 
jective linear transformation. Then as t — > 0, we have a limit algebraic 
cycle 

(4.5) 7o := lim 7^ 

on P*((i?m)o)- To have another understanding of 72, z G A-"^, recall that 
we can regard each Aiz 

ClS db subscheme 

Then by (4.3), the algebraic cycle 7^ is nothing but M.^ viewed just as 
an algebraic cycle on P*((£'m)o) counted with multiplicities. In partic- 
ular, 7o is the T-invariant algebraic cycle on P*((i?m)o) associated to 
the subscheme A^o counted with multiplicities. 

By Mm"* G VF^, we denote the element in such that the associ- 
ated element [Mm''] G '¥'*{Wm) is the Chow point for the cycle 70 on 
P*((i?m)o). Then (4.5) is interpreted as 

(4.6) lim[V^^^L(t)-Mm] = [ifW] 

in P*(VFm)- Here by (4.1), the group GL((i?m)o) acts naturally on ly^, 
and hence acts also on f^iyVm)- We now consider the function 

(4.7) /m(s) := log ||V'm(exp(s)) ■ Mm||cH(Ho)' ^ ^ ^• 

Put /m(s) := {dfjnl ds){s). The purpose of this section is to show the 
following (see Phong and Sturm [20], eqn 7.29, for the leading term; 
see also [5], p.464-467): 
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Lemma 4.8. Let an be as in (2.3). Then the function fm{s) has a 
limit, as s —oo, written in the following form for m ^ 1: 

(4.9) lim fmis) = (n + l)!a„(Fim" + F2m"-i + F3m"-2 + ...) 

s~>—oo 

Proof Since 70 is preserved by the T-action on (-E'm)o, the Chow point 
[AfW] for 7o is fixed by the T-action on F*(Wm), i.e., for some qm € Z, 

where the left-hand side is ipm{t) ■ M^^^ modulo the action of Um. Since 
the T-action on is diagonalizable, we can write in the form 

(4.10) Mm = w,, 

where ^ & W^, v = 1,2, . . . , N, are such that, for an increasing 
sequence of integers ei < 62 < ■ ■ ■ < cn, the equality 

(4.11) ij^^{i)-w, = i'-^w, 

holds for all u G {1,2, ...,A^} and i E T. In particular, in view of 
(4.6), we can find a complex number c 7^ such that 

= cw,, 

and hence coincides with ci. Then by (4.10) and (4.11), it is easy 
to check that 



(4.12) lim /, 



m \ 

00 



ei \ _ qm. 
N I ~ N 



Hence it suffices to show that qm/Nm admits the asymptotic expansion 
as in the right-hand side of (4.9) above. Consider the graded algebra 

00 

^ {Ekm)o, 
k=0 

where via ipf^, the group T acts on {Em)o and hence on {Ekm)o- Then 
by [15j, Proposition 2.11, the weight pk for the T-action on det(i?fcm)o 
satisfies the following: 

(4.13) p, + = 0{n, k » 1, 

[n + ly. 
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i.e., there exists a constant C > independent of k, possibly depending 
on m, such that the left-hand side of (4.13) has absolute value bounded 
by C/c" for positive integers k. Recall the definition of Wkm ^-nd Wm in 
Section 2. Then by the expression of t/j^ in (4.4), the weight Pk for 
det{Ekm)o induced by the T-action on {Em)o via t/j^ is expressible as 

(4.14) Pk = NmWkm - kWmNkm- 

Here the term NmWmk in the right-hand side of (4.14) is the weight in i 
for dct(£'fc,„)o induced from the action on (-E'„t)o by the numerator ipm{t) 
in (4.4), since it is nothing but the weight in i for the action of ipmk{t) 
on det(£^fc^)o, while in view of the natural surjective homomorphism 

the term kw,nNkrn is just the weight in i induced from the scalar action 
on {Em)o by the denominator of (4.4). Then for 3> 1, by (4.14) and 
(2.4), we obtain 

Pk = {km)NmNkm\ JT—Y^T ~W 

- - (km) NmNk^{ {Fim-^ + F2m~^ + F^-^ + ...) + 0{k-^) } 
= - r+^a„iV^{ (Fim" + F2m"-^ + Fsm"-^ + ...) + 0{k-^) }, 

where the last equahty ifoUows from (2.3) applied to km. Then by 
comparing this with (4.13), and then by (2.4), we obtain 

1^ = (n + l)!an(Fim" + F2m"-^ + F3m"-2 + ...) 



as required. □ 

5. Proof of Main Theorem 

In this section, by using the notation in (3.1), wc choose ( , as 
the Hermitian metric Hi for Vm in Section 4, where hm is as in (3.6). 
For the corresponding Chow norm 

3 w ^ \\w\\cYi{HQ) e R>o, 
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we consider the real- valued function on M as in (4.7). For the one- 
parameter group : T Gm, the vector space (-Em)o admits an 
orthonormal basis T := {ti,T2, . . . , Tjv^} such that, for some Cj G Q 



with Sfyri e„ = 0, we have 



(5.1) ^m{t)r^ = t'"r^, teT, 

modulo the action of 11^. By the associated Kodaira embedding Aio ^ 
F*{{Em)o), we regard A^o as a subscheme 

Mo P^--i(C), p ^ in{p) : T2{p) r^Jp)), 

where we identify P*((i?m)o) with 

F'^-'^C) := {{z, : z, zj, J} 

by the basis T. Since we regard (-E'm)i just as Vm, the identifica- 
tion (2.7) allows us to obtain a basis T' := { t[, Tg, . . . , t'j^^} for 
corresponding to the basis T for (-Em)o- Note that this basis T' is or- 
thonormal with respect to the Hermitian metric Hi = { , Then 
the Kodaira embedding : M (= Mi) P*(V^m) is given by 

(5.2) M ^ P^'"-i(C), p ^ {r[{p) : r^p) : ■ ■ ■ : r;^(p)), 

where we identify P*(Kn) = P^'""i(C) = P*((E„)o) by the bases T 
and r. Then the Fubini-Study form oops on P^--i(C) (= F*{Vm)) is 



c^FS := ^dd\og{J:'ti\z^\'). 
Ztc 

By (3.10), we here observe that 

(5.3) wfs - mujm = 0{q^), 

on M. For the function fm{s) in (4.7), we first give an estimate of the 
fist derivative /m(0). In view of [25j (see also [8]), 

yN^ I / 12 



(5-4) /^(o) = (n+1) / ^gs, 
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where by (3.8) and (3.9), we observe that 

^\ V^™ It-' 1 2 — V'^™ v"™'' \rr I 2 

[0.0) ^a=l ralhm ~ ^i=l^a=l \Oi,a\hm 

= (m7n!)(l + S^tor,V+') - Pm;\a.,a\L 
= (mynl) (1 + S^tor,g^+') {1 + 0{q')}. 
Now, we can rewrite (5.4) in the form 

r S^™ p Ir' P 

(5.6) /40) = (n + 1)! / .Tv/' + 

= [ Oiq'){E^-,eMlJ<, 

J M 

where the last equahty follows from 

M 

All weights Cq, for have absolute value bounded by for some 
constant C2 > independent of both a and m, i.e., 

(5.7) |e„| < Cam, a = 1, 2, . . . , A^^. 

In view of (5.5), S^ri K\l^ = 0(m"). Then by (5.6) and (5.7), 

(5.8) /„(0) = 0(m"-i). 

By [25] (see also [8], 4.5), /^(s) > for all s G M. In (4.9), let m ^ 00. 
Then by (5.8), we obtain Fi < 0, i.e., K-semistability of (M, L) follows. 

To show K-stability, we now assume that Fi = for the test config- 
uration above. Then by Lemma 4.8, 



n-l\ 



(5.9) lim fm{s) = 0{m 

s— »— 00 

Here we consider the second derivative fm{s). From now on, by setting 
6 := C3(logm)g, we require the real number s to satisfy 

(5.10) \s\ < 5, 

where C3 is a positive real number independent of the choice of m. For 
local one-parameter group 

fJ"m,s ■= ^m(exp(s)) G Gm, S < S < S, 
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we regard each fim,s as a linear isomorphism of C^"*^^ (= Vm), modulo 
the action by n^, via the identification of (-E'm)o with {Em)i (= Kn)- 
Note also that Gm acts on F*{{Em)o) (= P*(Kn)) via the projection 

TT^ : Gm (= SL(iV„; C)/n„) ^ PGL((E„)o) (= PGL(iV„; C)). 

Now by Appendix, the family of Kahler manifolds 

(5.11) (M, q {^I*^^^uJps)\M), -5 < s < 5, m = 1, 2, . . . , 

has bounded geometry. Let us now consider the holomorphic vector 
field V" := {-Km o ipm)*{d/ds) on P^'"~^(C) which generates the lo- 
cal one-parameter group TCm{fi'm,s), —S<s<6. For each s, consider 
the holomorphic tangent bundle TMg of Mg := fim,s{M), where M is 
viewed as a subvariety of P^'"^"'^(C) by (5.2). Metrically, for the orthog- 
onal complement TM^ of TMs in TP^™^-^(C)|Ms by the metric cufs, 
we can regard the normal bundle of Ms in P^'"^^(C) as the subbundle 
TMj- of TP^--i(C)|M,. Hence TP^"-i(C)|m, is differentiably a direct 
sum TMs © TM^, and we can uniquely write 

(5.12) V-^iM. = V^M. + V^^,x, 

where Vtm and Vtm-^ are smooth sections of TMs and TM^, respec- 
tively. Consider the exact sequence of holomorphic vector bundles 

^ TMs TP^™-^(C)|M, ^ TM^ 

over Mg. Then the pointwise estimate (cf. (5.16)) for the second 
fundamental form for this exact sequence is valid also in our case (cf. 
[9], Step 2), and as in [19], (5.15), we obtain the inequality 

(5.13) / iVyjv^xl^pg t^Fs > C4 / \dVJPj^.jj_\l^^ujps, 

J Ms J Ms 

where C4 is a positive real constant independent of the choice of m. 
The second derivative fm{s) is (see for instance [5], [12]) given by 

(5.14) Us) = [ \VtMs-\Is^fs > 0. 

J Ms 
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Put ^ra ■■= (S^rie„|2a|')/(mS^™i|z„n Oil P^--i(C). Theii by (5.7) 
V?m, m = 1, 2, . . . , are uniformly bounded satisfying (cf. pj, (4.5)) 

(5.15) «v™(gt^Fs) = -^^^<9v?m- 

ZTT 

For M as a submanifold of P^'"^^(C) in (5.2), we consider the sheaves 
J^^j{TM), j = 0, 1, ... , of germs of smooth (0, j)-forms on M with 
values in the holomorphic tangent bundle TM of M , and endow M with 
the Kahler metric g/i^^cjFSi.f for s as in (5.10). Now on ^(°'°)(TM), 
we consider the operator 

Atm,. := -d*d, 

where d* is the formal adjoint of d : A^°'°\TM) A'^^'^^TM). For 
r := if°(M,^(°'°)(TM)), we consider the Hermitian -pairing 

where (Vi, V2)g^^ ^o^ps is the pointwise Hermitian pairing of Vi and V2 
by the Kahler metric q^l^ ,,ujFs- For the subspace := H^{M, 0{TM)) 
of r, we consider its orthogonal complement in F by the pairing 
( , ) Then V^^^__ in (5.12) is expressible as 

where and V^ ,, belong to {fim,s)*d and {fim,s)*&j, respectively. 
Since the left-hand side of (5.12) is holomorphic, 

(5.16) av™,x = -av^M. = -^v;:,,,. 

Since the family (5.11) has bounded geometry, the first positive eigen- 
value Ai of the operator Atm on ^(°'°)(TM) is bounded from below 
by some positive constant C5 independent of the choice of m. Hence 

J Ms J Ms 

From (5.13), (5.16) and (5.17), it now follows that 

(5.18) / \V^M^\ls^FS > C,C,q I \V'^X,,oo^s. 

J Ms J Ms 
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In view of (5.14), /m(0) — fm{—S) = J^g fm{s)ds > 0, and it follows 
from (5.8) and (5.9) that 

0(m"-i) = U{0) - lim U{s) > UO) - L{-S) 

s-^—oo 

rO 

fm{s)ds > 'fm{Sm)5 

5 

where s^, m = 1, 2, . . . , are real numbers at which the functions fm{s)i 
—5 < s < 0, attain their minima, i.e., 

—o<s<0 

Therefore, in view of (5.14) and S — 0{qlogm), we obtain 

(8.19) I |v,vjL.to--)" = o(i^). 

since the left-hand side is fm{sm) /to^^^ . Then by (5.18), 

(5.20) / |V- L(ga;Fs)" = O 



logm 



Infinitesimally, (5.1) is written as V"* • = e^r^, a — 1,2,..., Nm, 
and for c/?^ in (5.15), by setting 

we can write the puUback IJ'm,sm^V^ ~ '^^) 
(5.21) := (,„,.„,„),„ = 

when restricted to M C P*(T4i). Note that (pm-, m = 1, 2, . . . , is a 
bounded sequence of real numbers. Then we can write the uniformly 
bounded real- valued functions 77^ on M as 

where ea,m '■— &a — fnpm- Put ujm qfi*g^UFs^j^- Hereafter, replace the 
sequence s^, ^ 1, by its suitable subsequence Smj, j — 1,2,..., if 
necessary. We write mj, mj^, N^., s^^, lo^., 77^^., e^^rn^ as m(j), ^(j), 
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N{j), uj{j), ri{j), CaiJ), respectively. Then by Appendix, we may 
assume that uj{j) converges to in C°° as j — oo. Moreover, we set 

V(j) := V-(^) = (^7^).V-(^), VtmU) := {^^J%VtI^I,, 

where fij := fJ'm{j),s{j)- Then the following cases 1 and 2 are possible: 

Case 1: /; := |V°(j)|^(,) ^(j)", J = 1, 2, ... , are bounded. In this 
case, by \V^mU)\^u) = \^°U)\^u) + l^'(j)li), this boundedness to- 
gether with (5.20) implies that 

(5.22) / IVtm(j)I'o) ^(jT, J = 1, 2, ... , are bounded. 

Note that uj{j) cUoo in C°°, as j ^ oo. Hence in view of (5.22), 
since |VTA/(j)l!,(j) = by (5.15), the sequence of integrals 

Im J = 1> 2, . . . , is bounded, so that r]{j), j = 1,2,..., 

is a bounded sequence in the Sobolev space L^'^(M, cjoo)- Now by [21], 
we may assume that n > 2. Then replacing T]{j), j = 1, 2, . . . , by its 
subsequence if necessary, we may further assume the convergence 

(5.23) r]{j) ^ 7]^ in L\M, <), as j ^ oo, 

where rjoo is a real-valued function in L'^{M, cUoo)- Recall that the Lich- 
nerowich operator Aj : C°°{M)c C°°{M)c for the Kahler manifold 
(M, co'(j)) is an elliptic operator, of order 4, with kernel consisting of all 
Hamiltonian functions for the holomorphic Hamiltonian vector fields 
on M. Now, to each smooth function / G C°°{M)c, we associate a 
complex vector field &fj of type (1,0) on M such that 




Note that &ri{j),j = VtmU) (5.15) and (5.21). Then for the formal 
adjoint A* : C°°(M) c ^ C°°(M)c of the operator A^-, we have 

JM JM 

= {d{VTM{j)}.d&f,)sU) = (9{V(j)},^©/,.).0), 
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for all / G C°°{M)c. Here the last equality follows from the identities 
VtmU) = V°(j) + V(j) and dV°ij) = 0. Hence, for each fixed / in 
C°°(M)c, we obtain 



(5.24) 



where /• := | V(j)|^(,) ^(j)"}'/' and A, := Atm,sU)- Let j ^ oo 
in (5.24). Since /* ^ by (5.20), and since Lj{j) — > uJoo in C°°, by 
passing to the limit, we see from (5.23) and (5.24) that 

/ voo {A*f} = for all / G C^{M)c, 

J M 

where Aqo : C°^(M)c C°°{M)<c is the Lichnerowich operator for the 
Kahler manifold (M, c^oo); and A* is its formal adjoint. Since Aqo is 
elliptic, any weak solution r] = rjoo for the equation 

AooV = 

is always a strong solution. In particular t]^ is a real-valed smooth 
function on M such that the complex vector field W of type (1,0) on 
M defined by i{W)uJoo = drjoo is holomorphic. Then by [13j, the test 
configuration vr : TVI — is a product configuration. 

Case 2: 1° +oo as j oo. In this case, we put VtmU) '■ = 
VtmU)/JtJ, V°(j) := V°(j)//rf, and V'U) := V(j)//^- Then 



(5.25) / |V°(j)lio-)^(jr = 1, J = l,2,..., 
Jm 

where by setting fj^j) := ri{j)/ ^/l^^ we see from &n{j),j = '^TAdU) that 
the complex vector field VtmU) of type (1, 0) on M satisfies 

(5.26) z(V™(j))^(j) = V^divij)). 

Since the functions rjm, m ^ 1, are uniformly bounded on M, and 
since uj{i) converges to uj^o as j — oo, we obtain the convergence 

(5.27) r)(j) in C°(M), as j oo. 
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By (5.25), replacing V°{j), j = 1, 2, . . . , by its subsequence if necessary, 
we may assume that 



(5.28) 



for some 7^ e g. Let fi°{j) and T]*{j) be the Hamiltonian functions 
associated to the vector filelds V°{j) and V*{j) by 

^(V°(j))^(j) = v^a(r}°(j)), 

where the functions 17° (j) and 17* (j) are normahzed by the vanishing of 
the integrals J^V^jPUT and JMV'{j)^{jT- Then 

(5.29) fj{j) = fj°{j)+f}'{j). 

In view of (5.28), there exists a non-constant real- valued C°° function 
p on M such that i(V^) tf^ = \/^-ldp and that 



7^°(j)^pin C~(M), as 00. 

Hence by (5.29), it follows from (5.27) that 

(5.30) r}'(j) ^ -p in C°(M), as j ^ 00. 

On the other hand, by (5.20), |<957*(j)|^(^.) a;(j)" — as j 
and hence for each fixed smooth (0, l)-form 9 on M, we have 



00, 



(M,a>(i)") 



M 



< 



M 



\dv'{j)\iu)^uy 



1/2 



M 



\o\iu)^{jy 



1/2 



0, 



as J — * 00, where d{j)* and 9^ are the formal adjoints of the oper- 
ator d on functions for the Kahler manifolds {M,uj{j)) and (M, cUoo), 
respectively. Then by letting to j — cxo, we obtain the vanishing for 
the Hermitian L^-inner product of functions p and d*9, 

(P, ^*^)L2(M,a)5,) = 0> 

for every smooth (0, l)-form 9 on M, i.e., (9p = in a weak sense, and 
therefore in a strong sense. Hence we conclude that p is constant on 
M in contradiction to 7^ 0. 
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6. Appendix 

In this appendix, we shall show that the family of Kahler manifolds 

(6.1) (M, g , a;Fs)|M), -5 < s < 5, m ^ 1,2, . . . , 

has bounded geometry. By Fact 2.6 applied to m = 1, we identify 
F*{Ei) with X P*((Ei)o), and let pr^ : F*{Ei) P*((^i)o) be the 
projection to the second factor. As in Section 4, we have 

(6.2) M ^ F*{Ei), 

where the puUback H :— pr2 Op*((£;i)(j)(l) to P*(£^i) of the the hyper- 
plane bundle Op*((Ej)o)(l) on P*((£'i)o) is written as 

(6.3) n\M = jC {= L'). 

Recall that the action of T = C* on lifts to an action of T on C, 
and hence T acts on = x (£'i)o by 

T X (A^ X (£;i)o) ^ A^ X {E^)o, {t, {z, e)) ^ (tz, M^) ■ e). 

This induces a T-action on P*(Ei) (= A^ x P*((Ei)o)), and for (6.2), 
Ai is preserved by the T-action. Note that the T-action on C lifts the 
T-action on M. By 

TxM^M, {t,p)^9M{t)-P, 

we mean the T-action on A4, and the corresponding T-action on >C(8)>C 
upstairs will be denoted by 

T X {C0 C) C0 C, {t,h) ^ g^^\2{t) ■ h. 

Since GL((i?m)o) acts on P*((£J^)o) via the projection of GL((£J^)o) 
onto PGL((£;„)o), by setting jxrn,s '0m(exp(s)), we have 

(6.4) qi^*m,s^FS = ?/im,s^FS- 

In view of 5 = C3(logm)g, m ^ 1, we estimate exp(s) in the form 

(6.5) 1 - e < e-^3(^°Sm)/m < ^^p^^-j < ^Cs{logm}/m < 1 + e 

for some < e <^ 1. As in Section 5, by the bases { Ti, T2, . . . , tjv^} and 
{ r[, T^, . . . , t'j^^} for (Em)o and (Em)i (= K»), respectively, the spaces 
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P*((E„)o) and P*((E„)i) (= F*{Vm)) are identified with 

Note that qcups = ("\/— T/27r)9c?logf2Fs,m, where fips.m denotes the 
positive real smooth section {(?2!/m"')E^";^ kaP}'' oi 'H®'H. In view 
of (6.3), identifying M with TWi, we easily see that g/ij^^cupg is 

(6.6) (v^/27r)5(A^(exp(s))*991og{5(|£|2(exp(s)) ■ fips.m}, 

when restricted to M. By (3.6) and (5.3), we now conclude from (6.4), 
(6.5) and (6.6) that the family of Kahler manifolds in (6.1) has bounded 
geometry, as required. 
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